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Abstract-A set of linear three-dimensional frequency equations that describes the vibratory charac­
teristics of elastic solid cylinders of different end supports is derived. Starting from the linear, small­
strain. three-dimensional elasticity theory, integral expressions for strain and kinetic energies are
formulated. The three-dimensional mode shapes are expressed in terms of sets of one- and two­
dimensional orthogonal polynomial functions which are to approximate the longitudinal and lateral
surface variations of solid cylinders. From the resulting displacement-based energy expressions, the
variational form of the three-dimensional energy functional is minimized to yield the linear eigen­
value equation, Frequency solutions for elastic solid cylinders of different lengths and end support
conditions are determined. The accuracy of solutions is validated through convergence tests and
comparisons with the existing three-dimensional analytical solutions and empirical data, From the
present three-dimensional elasticity solutions, some remarks on the existing simplified beam theories
are made, Particular attention is drawn to Timoshenko's shear deformable beam theory for trans­
verse bending modes. The validity of the one-dimensional wave equation for longitudinal and
torsional modes is also discussed,

I. INTRODUCTION

In this paper, the governing frequency equation of elastic solid cylinders with various
combinations of end support conditions is derived. Developed on the basis of the linear,
small-strain, three-dimensional elasticity theory in conjunction with an extremum energy
principle, the method is capable of extracting all possible modes of vibration for elastic
solid cylinders. Insofar as the natural modes of cylinders is concerned, there exist three
distinct families of vibration motions: (I) longitudinal extensional modes, (2) axial torsional
modes and (3) transverse bending modes. Furthermore, coupling among the axial torsional
and transverse bending modes also occurred for some special cases. The vibratory charac­
teristic of solid cylinders can be approximated from the existing simplified analytical models.
These models give reasonably accurate predictions with minimum numerical arithmetic.
The one-dimensional wave equation, in particular, has been commonly applied to obtain
frequency solutions for axial torsional and extensional wave motions. These results have
been well documented in several text books dealing with the subject of structural dynamics
(Timoshenko et al. 1974; Harker. 1983),

Within the context of classical theory, the Bernoulli-Euler beam equation has been
widely acclaimed for its simplicity and accuracy in providing solutions to transverse
vibrations of slender beams and columns. This theory, however, is found to be inadequate
for cases in which the beam dimensions cannot be regarded as slender, for example, deep
beams or higher vibratory modes. Therefore. various refined beam theories have been
proposed to provide a better simulation of beam dynamic characterisation. Notable devel­
opment in this direction is attributed to Timoshenko (1921, 1922). The complicating effects
due to shear deformation and rotary inertia have been considered. Frequency results
computed on the basis ofTimoshenko's theory abound in the literature. Extensive research
on the choice of the correction factors to account for non-uniform shear stress distribution
over the cross section has also been reported (Cowper. 1966; Spence and Seldin, 1970;
Stephen, 1978),
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It is important, when applying these simplified models, to know the underlying assump­
tions and limitations of the theories to the vibration analysis of beams and cylinders.
Research has been conducted to establish the bounds governing the use of these simplified
theories to solve engineering problems. Hutchinson (1980. 1981). for instance, used a series
type solution technique with Bessel functions as its basis to obtain the symmetric and
unsymmetric vibration results for a stress free cylinder of finite length. Based on the three­
dimensional elasticity solutions, he has commented in depth on the validity and range of
applicability of Timoshenko's beam theory.

Apart from the works ofHutchinson (1980. 1981), further three-dimensional frequency
results for elastic solid cylinders of different end support conditions have also been docu­
mented by other researchers using different approaches (Armenakes et al.. 1969; McMahon,
1970; Gladwell and Tahbildar, 1972; Gladwell and Vijay, 1975; Visscher et al., 1991;
Heyliger and Jilani, 1992). In view of the practical importance of these structures in
contemporary industrial practice. the present work is carried out firstly. to supplement the
existing frequency data for circular cylinders with various combinations of end support
conditions. and secondly, to compare, based on the present three-dimensional elasticity
solutions. the discrepancies of the classical and refined theories in predicting the proper
vibration of three-dimensional solid cylinders. For this purpose, the governing frequency
equation is derived from the three-dimensional linear, small-strain elasticity theory. In the
solution process, the integral expressions of strain and kinetic energies are expressed in
terms of sets of orthogonally constructed one- and two-dimensional polynomial functions.
These functions approximate the longitudinal and lateral surface variations of the elastic
solid. To arrive at the eigenvalue matrix, the displacement-based energy functional (con­
sisting of the maximum strain and kinetic energy expressions) is minimized according to
the Ritz procedure. Solving iteratively for the zeros of the determinant yields the three­
dimensional frequency results. From the symmetry inherent in circular cylinders, the
vibration mode shapes are conveniently classified into four distinct symmetry classes: (I)
the double-symmetry (SS) mode; (2) the symmetry-antisymmetry (SA) mode; (3) the
anti symmetry symmetry (AS) mode and (4) the double-antisymmetry (AA) mode.

In this paper. the accuracy and reliability of the results obtained are established through
extensive convergence study. Comparison with the analytical solutions of Hutchinson
(1981) and the benchmarking experimental results of McMahon (1964) is conducted. Sets
of first known frequency solutions covering wide ranges of length-to-diameter ratios and
different boundary conditions are presented. Three-dimensional vibration mode shapes for
selected cases are also included for future reference.

2. METHOD OF SOLUTION

Consider a homogeneous, isotropic, linear elastic solid cylinder of length L and diam­
eter a as shown in Fig. I. The orientation of the cylinder is defined on a Cartesian coordinate
system (x I' X 2, x ,) located at the end x 3 = 0 with its origin coinciding with the centroid of
the cross section. For this study, it is assumed that except for the two ends at Xl = 0 and
L, the other surfaces are free from stresses. The global displacements at a generic point
are resolved into three orthogonal components, Ul' U2 (lateral) and u, (longitudinal),
respectively.

2.1. Elastic strain and kinetic energr expressions
The integral expression of the maximum elastic strain energy, in three-dimensions, is

given by

Vma \ = ~ I~f I'/. [{\'( ±Uil)\2 +(1-2\,)( ±U;;)
~'" R~O 1=1 I 1

where
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Fig. 1. Geometry and dimensions of an elastic clfcular cylinder and the notations of stress
components.

E
~=----­

(I +v)(1-2v)

in which E is the Young's modulus and v the Poisson ratio.
The maximum kinetic energy for free vibration is given by

(2)

(3)

where p is the mass density per unit volume. The double integrals in eqns (I) and (3) are
performed over the area R of the circular cross section.

2.2 The admissible lateral and longitudinal polynomial/unctions
The displacement amplitude functions, Ui(x j • X 2, x,). i = 1,2,3 assume the form of

truncated double polynomial series in one- and two-dimensions; expressed as follows,

AI /1,'

Ui (X j ,X2,X,) = L L C;"n¢;,,(X j .X2)ljJ;,(XJ; i= 1,2,3
m = I 11 = 1

in which C;"n, i = I, 2, 3 are the unknown coefficients to be determined.

(4)
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Table I. The two-dimensional basic functions used in each symmetry
class of vibration

Symmetry Surface function
class 4>:(x,.xJ 4>;(XI'X,) 4>;(x" x,)

SS 'I x,
SA XIX:; I X 2

AS 1 X 1X 2 Xl

AA x, XI X 1X 2

The two-dimensional polynomials, 4>;" (XI ,x2 ) approximate the lateral surface vari­
ations of each displacement component. The one-dimensional polynomials, l/J~(X3)' on the
other hand. approximate the displacement variations in the longitudinal direction.

The two-dimensional surface functions are intrinsically sets of admissible functions
which are products of a two-dimensional orthogonal polynomial space and a basic function.
The detailed method of construction of these polynomials can be found in Liew et al.
(1994).

The choice of the basic function, 4>'1 (x], X2), is chosen to satisfy the free wall conditions
of the cylindrical elastic solids. The corresponding boundary conditions are

(5)

where nand t are the coordinate normal and tangent to the wall boundary; (Jnn is the
normal stress. TnT and Tn} are the shear stresses as shown in Fig. 1. Due to the symmetry
inherent in the geometry of the cross section. the vibration mode shapes can be conveniently
classified into symmetry and antisymmetry modes about the X IX 3 and X2X3 planes. In the
computation process. the basic functions assumed for the lateral surface are given in Table
1 for each symmetry mode.

The one-dimensional polynomial function in the longitudinal direction is much easier
to generate since it involves only a single variable. These functions are constructed from
the Gram Schmidt recurrence formula which has been demonstrated by Liew et at. (1993).

The basic functions. l/Jil (x,), in the longitudinal direction are defined by the products
of the respective boundary expression at each end. i.e.

(6)

where Q~ (i = I, 2 and 3; 'Y. = I. 2) are the basic powers of the boundary expression. The
boundary condition for an end at Xl = L (corresponding to a. = 2) is defined as follows:

• stress free condition

(JJ3 = O. T,j =0 and T32 = 0

• simply supported condition

U I = O. U2 =0 and (J 33 =0

• fully clamped condition

UI = O. U2 =0 and Ul = O.

(7a)

(7b)

(7c)

The corresponding value of the basic power is chosen to satisfy the geometric boundary
conditions at both ends of the cylinder:
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{
oif the ath end is stress free;

• Q; = I if the ath end is simply supported or clamped.

• Q2 = {O if the ath end is stress free;

, I iftheocth end is simply supported or clamped.

{
oiftheocth end is stress free or simply supported;

• Q' =, I if the octh end is clamped.

2.3. Linear eigenualue equation in three-dimensional setting
Let n be the energy functional given by

This functional is minimized according to the Ritz minimum energy principle,

an
-- = 0; i = 1.2.3
aC;nn

which leads to the governing eigenvalue equation of the form,
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where the eigenvalue of the cylinder is given by:

(12)

The explicit form of the respective elements in the stiffness and mass submatrices are similar
to those reported by Liew et al. (1994).

3. I\UMERICAL APPLICATIONS

Having derived the governing linear eigenvalue equation for the three-dimensional
free vibration of elastic solid cylinders, a standard QR algorithm is utilized to find the roots
(i.e. eigenvalues) of the determinant. Frequency parameters, ;. = waJp!E, for cylinders of
different lengths and end support conditions have been computed. Three-dimensional
deformed mode shapes for some selected cases are presented to provide a better insight to
the vibratory characteristics of this problem.

In the numerical examples presented, the symbol F denotes a free edge, S a simply
supported edge and C a clamped edge. Consequently, the notation C-Fidentifies a cylinder
with cantilevered end support condition. The present formulation is catered specifically for
isotropic material that follows Hooke's law of linear elasticity. The Poisson ratio of the
material is taken to be v = 0.3 throughout the present study unless otherwise stated.
To establish the results, convergence tests have been conducted. Whenever possible, the
converged results are compared with the existing three-dimensional analytical solutions
and empirical data from the literature.

3.1 Computational results
The convergence of numerical solutions is demonstrated for a cylinder with length-to­

diameter ratio of Lla = 2.0. The degree of polynomial, p, for surface functions and the
number of terms, q, for longitudinal functions have been varied in different steps to show
the relative effects on the rate of convergence. The frequency solutions, as shown in
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Table 2. Convergence of freq uency parameters, I. = waJpiE, for an elastic circular cylinder with stress free ends
(Diameter = a, Lla = 2.0 and v = 0.3)

Symmetry Orders of Mode sequence number
classes polynomials 2 3 4 6

_._------ ._---- -------

p = 5, q = 5 1.5467 2.6265 2.6612 2.8855 2.9128 3.0209
p = 6, q = 5 1.5467 2.6265 2.6612 2.8855 2.9128 3.0209

SS mode p = 5, q = 6 1.5467 2.6265 2.6612 2.8855 2.9128 3.0209
p = 5. q = 7 1.5467 2.6265 2.6612 2.8855 2.9128 3.0209
p = 5. q = 8 1.5467 2.6265 2.6612 2.8855 2.9128 3.0209

p = 5. q = 5 0.9594 1.7751 2.5938 2.6386 3.3820 3.4505
p = 6, q = 5 0.9594 1. 7751 2.5938 2.6386 3.3820 3.4505

SA mode p = 5. q = 6 0.9594 1.7751 2.5937 2.6386 3.3818 3.4481
p = 5. q = 7 0.9594 1.7751 2.5937 2.6386 3.3818 3.4481
p = 5. q = 8 09594 1.7751 2.5937 2.6386 3.3818 3.4481

p = 5. q = 5 0.9742 1.9483 2.6267 2.6615 2.9128 2.9225
p = 6. q = 5 09742 1.9483 2.6267 2.6615 2.9128 2.9225

AA mode p = 5. q = 6 0.9742 1.9483 26267 2.6615 2.9128 2.9225
p = 5. q = 7 0.9742 1.9483 2.6267 2.6615 2.9128 2.9225
p = 5. q = 8 0.9742 1.9483 2.6267 2.6615 2.9128 2.9225

Table 2 for a stress free solid circular cylinder, are found to be invariant to the order
of polynomial, p, used in the lateral surface functions. Significant improvement in the
convergence, however, is achieved by increasing the number of terms, q, employed in the
longitudinal function.

To investigate further the effect of end support conditions on the rate of convergence,
cylinders with C-F, S-S and C-C end support conditions are examined. Table 3 dem­
onstrates the effect of different end supports on the convergence pattern. It is found that
cylinders with higher constraints at the ends need a higher number of terms to attain a
reasonable convergence. From the convergence study, it is decided that p = 5 and q = 10
are to be used for all computations in this study.

3.2 Vibration mode shapes
The vibratory response of solid cylinders can be further clarified by considering the

deformed mode shapes at each symmetry class. The three-dimensional deformed mode

Table 3. Convergence of frequency parameters, ; = waJ piE, for an elastic circular cylinder with different ends
conditions (Diameter = a, Lla = 2.0 and v = 0.3)

Boundary Orders of Symmetry classes and mode sequence number
conditions polynomials S5-l SS-2 55-3 SA-I 5A-2 5A-3 AA-1 AA-2 AA-3

---._----- ------_.._- -- ---------

p = 5. q = 5 0.7948 2.3095 2.6458 0.1985 0.8080 1.7283 0.4871 1.4615 2.4618
p = 6. q = 5 0.7948 2.3095 2.6458 0.1985 0.8080 1.7283 0.4871 1.4615 2.4618

C-F P = 5. q = 6 0.7942 2.3077 2.6446 0.1981 0.8071 1.7186 0.4871 1.4613 2.4389
p = 5. q = 7 0.7938 2.3068 2.6444 o 1978 0.8067 1.7160 0.4871 1.4612 2.4357
p = 5, q = 8 07936 2.3061 2.6444 0.1977 0.8064 1.7156 0.4871 1.4612 2.4354
p = 5. q = 9 0.7935 2.3057 2.6443 0.1976 0.8062 1.7153 0.4871 1.4612 2.4354

p = 5. q = 10 0.7934 2.3055 2.6443 0.1976 0.8061 1.7152 0.4871 1.4612 2.4354

p = 5. q = 5 1.5467 2.8703 2.8856 0.4965 1.4278 2.2838 0.9742 1.9483 2.8705
p = 6. q = 5 1.5467 2.8703 2.8856 0.4965 1.4278 2.2838 0.9742 1.9483 2.8705

S-S p = 5, q = 6 1.5467 2.8703 2.8856 0.4965 1.4278 2.2838 0.9742 1.9483 2.8704
p = 5, q = 7 1.5467 2.8703 2.8856 0.4965 1.4278 2.2838 0.9742 1.9483 2.8703
p = 5. q = 8 1.5467 2.8703 2.8856 0.4965 1.4278 2.2838 0.9742 1.9483 2.8703
p = 5. q = 9 1.5467 2.8703 2.8856 0.4965 1.4278 2.2836 0.9742 1.9483 2.8703

p = 5. q = 10 15467 28703 2.8856 0.4965 1.4278 2.2838 0.9742 1.9483 2.8703

p = 5. q = 5 1.5949 2.9552 3.0271 0.7756 1.5472 2.4749 0.9742 1.9483 2.9225
p = 6. q = 5 1.5949 2.9552 3.0271 0.7756 1.5472 2.4749 09744 1.9483 2.9282

c-c p = 5. q = 6 1.5945 2.9552 30266 0.7754 1.5470 2.4747 0.9743 1.9483 2.9282
p = 5, q = 7 1.5944 2.9551 3.0263 0.7753 1.5469 2.4746 0.9742 1.9483 2.9226
p = 5. q = 8 1.5943 2.9551 3.0262 0.7752 1.5469 2.4745 0.9742 1.9483 2.9226
p = 5, q = 9 1.5942 2.9551 30261 0.7752 1.5469 2.4745 0.9742 1.9483 2.9225

p = 5, q = 10 1.5942 2.9551 3.0261 0.7752 1.5469 2.4745 0.9742 1.9483 2.9225
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shapes and corresponding frequency parameters for cylinders of L/a = 2.0 with F-F, C-F,
S-S and C-C end support conditions are depicted in Fig. 2. Due to the symmetry inherent
in the circular cross section, the deformed mode shapes can be conveniently classified into:
(1) double-symmetry (SS), (2) symmetry-antisymmetry (SA). (3) anti symmetry-symmetry
(AS) and (4) double-antisymmetry (AA) modes about the XIX, and X1X, planes. It should
be noted that the SA and AS modes for the circular cross section share an identical
frequency value. The first three modes of vibration at each symmetry class are presented.
From Fig. 2, it is observed that the fundamental SS mode is predominantly a longitudinal
extensional mode and transverse bending motion is observed at the first and second SA
modes. First and second order axial torsional motions are found to occur at AA-l and AA­
2 modes.

In Fig. 2, the influences of end support conditions on the deformed mode shapes are
examined. Generally, it is found that the transverse bending motion at SA-l possesses the
lowest vibration frequency parameter. This is followed by the flrst order torsional motion
at AA-l. The longitudinal extensional motion has much higher frequency. It is also noted
that the SS-2 and AA-3 modes for circular cylinder with F F end support condition
deformed in a similar manner with an identical frequency parameter (Ie = 2.6265). Com­
paring the deformed mode shapes at different support conditions, it is further noticed that
the first torsional mode of circular cylinders with F-F, S-S and C-C boundary conditions
has an identical torsional frequency parameter (). = 0.9742).

3.3 Comparison of analytical and empirical results
Hutchinson (1980, 1981) used a series type solution technique with displacements

assumed in Bessel functions to extract the symmetric and unsymmetric vibration frequencies
for a stress free cylinder. Table 4 compares the present three-dimensional elasticity solutions
with those reported by Hutchinson (1981). The series type solutions, as mentioned by
Hutchinson (1981), lead to upper bound values. The present method gives slightly lower
frequency solutions, and is therefore considered to be more accurate. The percentage
discrepancy between both methods is found to be well within 1.0% except for the SA-l
mode at Lja = 10.0 which gives a maximum discrepancy of approximately 1.3%. Thus
it can be concluded that the solutions obtained using both approaches are in excellent
agreement.

McMahon (1964) reported on the first experimental study on the free vibration of
stress free cylindrical solids. A comprehensive set of vibration frequencies and mode shapes
for cylinders of different sizes has been presented. Both aluminium and steel materials have
been used in the fabrication of specimens. The present three-dimensional elasticity solutions
are compared with the benchmark empirical data of McMahon (1964) for solid steel
cylinders with length varying in the range of 0.5 ~ L/a ~ 2.50. The frequency spectra of
the first three lowest double symmetry (SS) vibration modes are presented in Fig. 3.
McMahon (1964) devised a different characterisation of the vibration modes. The present
double-symmetry modes fall into the set of results for circumferential order of zero and
two in his experimental work. The symbols in Fig. 3 denote the experimental points
reproduced from the frequency spectra of McMahon (1964). The Poisson ratio used for
present computation is taken to be v = 0.293 (which corresponds to a steel material). The
terms odd and even used in this figure describe antisymmetry and symmetry motions about
the longitudinal direction.

From Fig. 3, it is evident that the present prcdictions are in excellent agreement with
the experimental results. It is interesting to note that the odd longitudinal mode (denoted
by triangles) passes gradually from SS-3 to SS-2 and merges with the fundamental double
symmetry (SS-l) mode. Similar mode crossings of this nature are also observed for odd and
et'en surface modes.

4. SOME RE:Y1ARKS ON THE EXISTING SIMPLIFIED BEAM THEORIES

4.1 Preliminarr remarks
From the present three-dimensional elasticity solutions some remarks on the existing

simplified theories can be deduced. Models devcloped based on the simplified theories are
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1.5467 2.8703 2.8856 0.4965 1.4278 2.2838 0.9742 1.9483 2.8703
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1.5942 2.9551 3.0261 0.7752 1.5469 2.4745 0.9742 1.9483 2.9225

Fig. 2. Three-dimensional deformed mode shapes of elastic circular cylinders with different boundary conditions (Lla = 2.0 and v = 0.3).
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Table 4. Comparison of transverse vibration frequency parameters, i. = wa.j p!E, for a stress free elastic circular
cylinder with different length-to-diameter ratios

Length-to-diameter ratio, Va
Mode Source of results 1.0 1.25 2.0 2.50 5.0 10.0

SA-I Hutchinson (1981) 2.47324 1.86902 095960 067752 0.20444 0.05524
Present 3-D 2.47308 1.86876 0.95942 0.67736 0.20411 0.05453

( -00(6)+ (-0.014) ( -0.019) (-0.024) (-0.162) ( -1.302)
SA-2 Hutchinson (1981) 2.66806 2.40800 1. 77520 1.38064 0.49476 0.14476

Present 3-D 2.66794 2.40782 1. 77509 1.38048 0.49445 0.14407
( -0.004) 1-0.007) ( 0.006) ( -0.009) (-0.012) (-- 0.479)

SA-3 Hutchinson (1981) 2.59376 2.10542 0.84590 0.26804
Present 3-D 3.47491 2.68794 2.59371 210528 0.84559 0.26738

(.~ 00(2) ( -D.007) ( -0.037) ( -0.247)

t Figure in parenthesis denotes the discrepancy in %

often used in engineering practice to provide approximate solutions. It is expedient to
understand the underlying assumptions and inherent errors in these simplifications when
using these models for analysis. Indiscriminate use of simplified models to tackle complex
engineering problems may lead to undesirable results. The following section attempts to
address some of the shortcomings in existing simplified theories by comparing with the
present three-dimensional elasticity solutions.

4.2 One-dimensionalwaz'e equation
The one-dimensional wave equation for torsional and longitudinal modes has the

following form

e=u I eCu

(-XC c= etC
(13)

where c is the wave velocity in the elastic media.
The general solution to eqn (13) for simple harmonic motion is written as

u(X, t) = [C sin «(I)X; c) + Cc cos (lOX c)} sin (l)t. (14)

The corresponding frequency equation for differenl end support conditions is derived from
eqn (14) by substituting the appropriate boundary conditions.

2.502.252.001.751.50

Experimental dala of McMahon
o odd longitudinal mode
6 even longitudinal mode
o odd surface mode
o even surface mode

55·2

/"----- ---55-10.75

0.50 [c-,_~_~~_ ,_L.c_'__'-LJ.~~~~~~I ~-'--'---.i.~~.J....L~---'--'
0.50 0.75 1.00 1.25

Length-to-diameter ratio, L/a

Fig. 3. Plot of first three lowest double-symmetry (55) modes for a stress free elastic solid circular
cylinder at different lengths I\' = 0.294)
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Table 5. Torsional \ ibratlon frequency parameter, i. = wa..j piE, from the three-dimensional linear elasticty
method and the one-dimensional wave equation

Boundary Diameter-to-length ratio, aiL
condition 'Vlode Source of results 0.1 0.2 0.3 0.4 0.5

-------

F F AA-I I-D wave equation+ o 1948 0.3897 05845 0.7793 0.9742
(C Cl Present 3-0 results o 1948 0.3897 0.5845 0.7793 0.9742

AA-2 1-0 wave cquation 0.3897 0.7793 1.1690 1.5587 1.9483
Present 3-D results 0.3897 0.7793 1.1690 1.5587 1.9483

AA-3 I-D wave cquation 0.5845 1.1690 1.7535 2.3380 2.6265
Present 3-D results 05845 1.1690 1.7535 2.3380 2.9225

CF- AA-I I-D wave equation;: 0.0974 0.1948 0.2922 0.3897 0.4871
Present 3-D results 0.0974 0.1948 02922 0.3897 0.4871

AA-2 I-D wave equation 1l.2922 0.5845 1l.8767 1.1690 1.4612
Present 3-D results 0.2922 1l.5845 0.8767 1.1690 1.4612

AA-3 I-D wave equation 0.4871 0.9742 1.4612 1.9483 2.4354
Present 3-D results 1l.487 I 0.9742 1.4612 1.9483 2.4354

Notes
t For F Fand C C elastic circular columns, the one-dimensional wave equation gives i. = in(alL){2(l + v)} li2.

i = I. 2, 3, .
t For C-Felastic circular columns, the frequency solutions are Ie = i(n/2)(a/L){2(1+\'l}-12; i = 1,3,5,.

~or torsional vibration, the parameter c is defined to be the shear wave velocity,
..j G; p, and the displacement variable, u, denotes the angular rotation. Table 5 presents the
torsional frequency parameters for cylinders with F-F, C-F and C-C end support
conditions. Solutions to the one-dimensional wave equations are deduced from Harker
(1983). Not surprisingly, the torsional frequency predicted in both the one-dimensional
wave equation and the three-dimensional linear elasticity solutions shows complete agree­
ment for circular cylinders of different lengths.

When approximating the longitudinal vibration modes, the parameter c in eqn (13)
becomes the stress wave velocity, -JE; p. The one-dimensional wave equation for longi­
tudinal vibration assumes negligible influence of lateral displacement upon the longitudinal
vibration motions. For relatively short cylinders, however, the influence of lateral dis­
placement can be significant. A correction to the one-dimensional wave equation for
longitudinal motions has been suggested by Love (1927). The modified one-dimensional
wave equation in the present notation, has the following form:

(15)

The modified one-dimensional wavc equation takes account of the inertia of the lateral
motion indicated by thc underlined term in eqn (15). For a F-F circular cylinder of finite
length, L the correction to the period of vibration was found by Lord Rayleigh (1945) to
be in the ratio of:

(

11\'l[ a)2
I 1+ -

4 L
(16)

In Table 6, a comparive study bctwecn the longitudinal vibration frequency parameter of
circular cylinders computed from thc one-dimension wave equation and the present three­
dimensional elasticity solution is carried out. It is noted that longitudinal vibration fre­
quencies obtained from the one-dimensional wave equation deviate significantly from the
three-dimensional linear elasticity solutions as the diameter-to-Iength ratio increases beyond
the range of a;L ~ 0.3. However, with thc correction factor in eqn (16), the frequency
parameters from the modified one-dimensional wave equation are found to correlate very
well with the present three-dimensional elasticity solution for a circular cylinder with
ajL ::::; 0.3.
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4.3. Timoshenko's shear deformable beam theory
The governing differential equations for transverse vibration of a prismatic elastic

cylinder including the effects of shear deformation and rotary inertia are given by Young
(1962) as:

(17a)

(17b)

where K is the shear correction factor accounting for non-uniform shear stress distribution
over the cross sectional area; E, G and A are the Young's modulus, shear modulus and
cross sectional area of the cylinder, respectively. The displacement variable, u, represents
transverse deflection and <p the corresponding slope during deflection.

The general solution to eqns (17a, b) can be derived from the theory of linear differential
equation for simple harmonic vibration as:

U(x, t) = (C l sin ax+ Cc cosax+ C3 sinh f3x+ C4 coshf3x) sinwt (18a)

and

where

and

(KG/E)p2_f3c. ] .+ ....- f3L----. (C, Sill f3x - C4 cos f3x) Sill wt

_ p2 fl( E)2 64 (L)2]L2 ( E)}'[=- 1-·- +- - - I+~
2 l KG pC a KG

, rl( )' ()']I' ( )}_ p' E C 64 L - .~ E
fJ = < 1-- +- _. + 1+-') l KG p2 a KG

p = wLy Ep.

(18b)

(19a)

(19b)

(20)

Depending on the boundary conditions at both ends, the frequency equation derived from
Timoshenko's beam theory has the form presented in Table 7. For a detailed derivation,
readers are referred to Young (1962). The transcendental frequency equations are solved
iteratively for the parameter. p. In this study, the shear correction factor, K, is taken to be
0.925 which is consistent with the value proposed by Timoshenko for a circular cross
sectional beam.

Figures 4 and 5 depict the variation of transverse vibration frequency with respect to
diameter-to-Iength ratio under different boundary conditions. The transverse vibrations of
a F-Fcylinder have been thoroughly treated by Hutchinson (1981). To be consistent with
the notation introduced by Hutchinson (1981), the frequencies, J:, for plotting purposes,
have been redefined as

(21)

Some remarks are made from these plots. Firstly, it is observed that the predictions by
Timoshenko's beam theory agree quite well with the present three-dimensional elasticity
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Table 6. Comparison of longitudinal vibration frequency parameters, A = wajP/E, from the three-dimensional
linear elasticity method and the one-dimensional wave equation

Boundary
condition Mode

SS-I

F-F 5S-2

SS-3

SS-I

C-F S5-2

5S-3

SS-I

c-c SS-2

SS-3

Diameter-to-Iength ratio, ajL
0.1 0.2 0.3 0.4 0.5

--------_.

03140 06269 0.9376 1.2447 1.5467
:0.3142jt :0.6283: {0.9425} {1.2566} {1.5708}
[0.3140]t [0.6269] [0.9378] [1.2455] [1.5493]
0.6269 1.2447 1.8414 2.3979 2.6265

:0.6283: : 12566) [1.8850 j {2.5133] {3.1416}
[0.6269] [1.2455] [1.8481] [2.4271] [2.9764]
0.9378 18418 2.6426 2.6301 2.6612

[0.9425: : 1.8850) {2.8274} p.7699} {4.7124}
[0.9378] [1.8481] [2.7057] [3.4908] [4.1891]

0.1576 0.3158 0.4746 0.6339 0.7934
:0.1571 ) {OJI42J [0.4712: {0.6283 } {0.7854}
0.4724 09433 1.4094 1.8658 2.3055

[0.4712} {0.9425} [1.4137] {1.8850} {2.3562}
0.7855 1.5570 2.2894 2.6434 2.6443

[0.7854} {1.5708} {2.3562} {3.1416} {3.9270}

0.3161 0.6342 0.9539 1.2743 1.5942
{0.3142} {0.6283} {0.9425} {J.2566} {1.5708}
0.6312 1.2602 1.8786 2.4738 2.9551

{0.6283 } {1.2566} {1.8850} {2.5133} p.1416}
0.9441 1.8669 2.7210 2.9188 3.0261

{0.9425} {1.8850} {2.8274} p.7699} {4.7124}

t Value in { J parenthesis denotes longitudinal vibration frequency computed from the one-dimensional wave
equation.

t Value in [ ] parenthesis denotes frequency parameters computed from the modified one-dimensional wave
equation.

Table 7. Boundary conditions and frequency equations of Timoshenko beam theory.

Type

FF

C-F

C-C

Boundary conditions

Symmetric modes
1/'(0) - <p(0) = O. <p(0) = 0
',1 (U2) = O. u' (U2) ~ <p(L/2) = 0

Antisymmetric modes
1/(0) = O. <p'(O) = 0
',1(102) = O. u'(L/2) - <p(L2) = 0

11(0) = O. ',1(0) = 0
/((Lj-(p(L) = O. <p(L) = 0

Symmetric modes
1/(0) - <p(0) = O. <p(0) = 0
II( L/2) = O. <p(L/2) = 0

Antisymmetric modes
1/(0) = O. <p'(O) = 0
1/(L/2) = O. q>(Li2) = 0

Frequency equations

/3 /3 rx 2 + jJ2 rx
tan- + - --tanh- = 0

2 ex /32 _ p2 2

/3 /3 rx' _p2 ex
tan- - - --tanh- = 0

2 ex /32 + jJ2 2

ex'~/32

2+ ~sinhexsin/3

(
Ii' - p' ex' +P')- -- + -- coshexcos/3 = 0
ex' +p2 /32 -p'

fJ /3 (I.' +p'(KGiE) (I.
tan - + - tan - = 0

2 exfJ'-p'(KG/E) 2

fJ fJ (I.' -p'(KG/E) ex
tan - - - tan - = 0

2 ex /3' +p'(KG!E) 2

solutions for F-F cylinders up to ratio a/L = 0.5. Generally, closer correlation is found in
the lower modes. Secondly, it is noted that for C-F and C-C cylinders, the discrepancies
become significant especially at higher modes of vibration, It is concluded that the boundary
conditions of cylinders may play an important role in the accuracy of refined beam theory.

5. PARAMETRIC INVESTIGATION

The plots of freq uency parameters, A, versus length-to-diameter ratios are presented
til Figs 6(a,b) and 7(a,b) for F-F, C-F, S-S and C-C end support conditions. The first
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Fig. 4. Comparison of frequency parameters (modes L 3 and 5), J. = (Lja)j)., computed from the
Timoshenko beam theory and the three-dimensional solutions for (a) a F-F circular cylinder, (b) a

C-F circular cylinder, and (c) a C-C circular cylinder.

2.0 1.0 2 0 l..L.c.L..Wl..LL-'-".Jl..LL.L..W...w...L..W...w...w.J

0.0 0.1 0.2 03 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
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Fig. 5. Comparison of frequency parameters (modes 2, 4 and 6), J. = (Lja)J i" computed from the
Timoshenko beam theory and the three-dimensional solutions for (a) a F-F circular cylinder, (b) a

(,-F circular cylinder. and (c) a C-C circular cylinder.

two frequencies, in the plots, corresponding to each symmetry class are presented, The
symmetric-antisymmetric (SA) modes for circular cylinders are identical to the anti­
symmetric-symmetric (AS) modes of vibration, Considering the effect oflength-to-diameter
ratio on the vibration frequency, it is observed that the frequency parameters increase
monotonically as the length-to-diameter ratio increases, The variation is most significant
for the SS and AA modes of vibration. However, the frequency variation with respect to
the ratio L/a, for the SA and AS modes (which correspond to transverse bending motion
about the XI and X: axes) is more gradual and tends to converge asymptotically to the
Bernoulli-Euler beam solutions.

Considering the frequency plots for cylinders with stress free ends as shown in Fig.
6(a), it is observed that the fundamental vibration frequency at Lja ~ 3.0 is dominated by
the first axial torsional mode (AA-I). At a higher length-to-diameter ratio, the transverse
bending mode (SA-I) begins to dominate in the lower vibration spectrum and frequency

SAS 31/13-J
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Fig. 6. Plots of frequency parameters I. = (Lla);;' versus length-to-diameter ratio, Lla, for (a) a
stress free elastic circular cylinder, and (b) a cantilevered elastic circular cylinder.
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simply supported elastic circular cylinder, and (b) a fully clamped elastic circular cylinder.

crossing between AA-l and SA-l occurs, Depending on the end support conditions, further
frequency crossing of this nature occurs at the higher modes. It is deduced that irrespective
of the end support conditions, axial extensional (SS modes) motions always occur at much
higher frequency of vibration.

6. CONCLUSIONS

A linear three-dimensional frequency equation for free vibration of circular cylinders
has been reported. The method is relatively easy to implement and the results obtained are
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found to be accurate when compared with the existing three-dimensional analytical solu­
tions and experimental data.

Numerical convergence of frequency solutions is established as higher order poly­
nomials are used in the computation. The convergence is found to be rapid and the use of
symmetry consideration has greatly reduced the determinant size of the eigenvalue equation
and further enhanced the computational efficiency of the method. Extensive frequency
results and mode shapes are presented for cylinders with different combinations of end
support conditions. From the current three-dimensional linear elasticity solutions, some
remarks on existing one-dimensional wave equations for longitudinal and torsional
vibration have been made. Particular attention is drawn to the Timoshenko shear deform­
able beam equation. The frequency solutions obtained from the refined theory are found
to be acceptable for a F-Fcylinder with diameter-to-Iength ratios of up to 0.5. For cylinders
with C-F or C-C boundary conditions, the solution becomes inaccurate for higher modes
and at higher diameter-to-Iength ratios.
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